Retarded integral inequalities of Gronwall-Bihari type 
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Abstract. We establish two nonlinear retarded integral inequalities. Bounds 
on the solution of some retarded equations are then obtained. 



1. Introduction and Preliminaries 

In the recent paper [2] M. Denche and H. Khellaf study, under some conditions 
on the involved functions, the following two inequalities: 

(1) u(t) < a{t) + f f(s)u{s)ds+ I f{s)w(l k{s,T)${u{r))dT\ ds , 

J a J a \Ja / 

and 

(2) u(t) < a(t) + I f{s)g{u(s))ds + I f(s)W ( f k(s, T)^(u(r))dr) ds . 

J a J a \Ja / 

Such inequalities have been then used on general time scales, including discrete- 
time versions of (pQ) and ([2]) (see [3]). In the present note we generalize both 
inequalities ([I]) and ([2]) in a different direction, by considering more general re- 
tarded inequalities, i.e., by letting the upper limit of the integrals to be C 1 non- 
decreasing functions less than or equal to t (cf. and (fTO}) below). Moreover, 
our generalized inequalities (jl|) and (fTOj) are considered under less restrictive as- 
sumptions on the involved functions, e.g., in |2] the function $(■) is assumed to be 
subadditive and submultiplicative, while here we only assume submultiplicativity. 
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We invite the reader to compare Theorems 2.1 and 2.3 of [2] with Theorems 
and 12.61 of this paper, respectively. 

2. Main Results 

We start by proving a useful lemma. A similar result to Lemma [2. II was proved 
in [U Theorem 1.1] with differentiability assumptions on the function /(•,•)■ 

Lemma 2.1. Suppose that a(-) G C 1 ([a, b],R) is a nondecreasing function with 
a < a(t) < t, for all t G [a,b]. Assume that u(-), a(-), b(-) G C([a, &],Mq~) and let 
(t,s) — > f(t,s) G C([a, 6] x [a, a(6)], Mq") be nondecreasing in t for every s fixed. 
If 

ra(t) 



ii(t) < a(i) +b(t) / f(t,s)u(s)ds, 

J a 

then 

f a(t) / ,a(t) \ 

u(t) < a(t) + b(t) exp / &(r)/(t,r)dr /(t, s)a(s)ds . 



Proof. The result is obvious for t = a. Let to be an arbitrary number in (a, 6] 
and define the function z(-) as 

/■«(*) 

= / f(t ,s)u(s)ds, t£[a,t ]. 



Then, u(t) < a(t) + b(t)z(t) for all t G [a, to], and z(-) is nondecreasing. Hence, 

z'(t) = f(t ,a(t))u{a(t))a'{t) 

< f(t ,a(t))[a(a(t)) + b{a(t))z(a(t))]a' (t) 

< /(t , a(jt))[a(a(jt)) + b{a(t))z(t)]a' (t) . 

The last inequality can be rearranged as 

(3) z'{t) - /(t , a(t))b{a(t))z(t)a'{t) < /(*„, a(t))o(a(t))o'((). 

Multiplying both sides of inequality ([3]) by exp ^— J*^*^ b(s)f(to, s)ds S j , we get 

a(t) 



z(t) exp I - y b(s)f(t , s)ds 



£ exp [ - I { ) b(s)f(t ,s)ds) f{t ,a(t))a(a{t))a'{t). 
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Integrating from a to t and noting that z(a) = 0, we obtain successively that 

/ ra(t) \ ,t ( rot{s) \ 

z(t) < exp f J b(s)f(t , s)ds x y exp f - J 6(r)/(t , r)dr j 
x /(to, a(s))a(a(s))a'(s)(is 



exp / 6(r)/(t ,r)dr /(t , a(s))a(a(s))a / (s)(is 

/•a(t) / /-a(t) \ 

= y exp I y b(T)f(t ,T)dr j /(to, s)a(s)ds . 



Since «(t) < a(t) + b(t)z(t), we have for t = to that 

/•a(to) / ra(t ) \ 
u(t ) < a(t ) + b(t ) j exp I j 6(r)/(t , r)dr I /(t , s)a(s)ds . 

The intended conclusion follows from the arbitrariness of to- D 
We are now in conditions to prove the following result: 

Theorem 2.2. Suppose thata(-), (3{-) G C 1 ([a,6],M) are nondecreasing functions 
with a(t), j3{t) G [a, t] /or a// 1 G [a, 6]. Assume that u(-), a(-), &(•) G C([a, b], Mq"), 
(t, s) — > /(t,s) G C([a, 6] x [a, a(6)], Rq") is nondecreasing in t for every s fixed, 
g(-, •) G C([a, b] x [a, /?(&)], K+), and (s, r) - r) G C([a, /?(&)] x [a, /3(6)],M+) 
is nondecreasing in s for every r fixed. Let W(-), <&(■) G C(1Rq",]Rq") 6e nonde- 
creasing functions, $(•) submultiplicative with > /or x > 1. Define 

( rPir) ) 
t](t) = max < a(r), / g{r,0)dQ > , r G [a, max{a(6), /?(&)}], 



and 

p{s) = jT k(s, r)d> ^(t) + 6(r) ^ Q(T) exp ^ jT^ &(0)/(r, 0)df^ /(r, dr. 

If forte [a, b] 
(4) 

/•«(*) /•£(*) / ys \ 

u(t) < a(t) + b(t) j f(t,s)u(s)ds + J g(t,s)W IJ fc(s,r)$(it(r))dr J ds, 
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then there exists t* € (a, (3(b)] such that p(t) G Dom(G x ) for all t G [a,i*] ; 
the inverse function ofG(-), and 



ra(t) ( ra{t) 

u(t) < q(t) + b(t) / exp / 

J a \Js 



b(r)f(t,r)dT f(t,s)q(s)ds, 



where 



q(t) = a(t) + I g(t, s)W (G" 1 (p(s))) ds. 

Proof. Let 

z(t) = a(t)+ J g(t,s)W [ I M.s. -)«I>(//(r))(/r ) ds . Ie\a.h] 
Then, can be restated as 



(5) 



«(*) 

u(t) < z(t) + b(t) I f(t, s)u(s)ds. 



Applying Lemma |2. II to ([5]), we obtain 



(6) u(t) < z(t) + b(t) 



a(t) 



exp 



a(t) 



b(r)f(t,r)dT f(t,s)z(s)ds. 



In order to estimate we define the function v (■) by 

v(s) = / A;(s,r)<I>(u(r))(ir. 

J a 

We have that z(x) = a(x) + J ( f (a:) 6)W(v(e))d9 and 



i?(s) < / k(s,T)$ 

J a 

< f fc(s,r)$ 

i/ a 



z(r) + b(r) 



a(-r) 



exp 



a(-r) 



b(e)f(r,e)de /(r, 



dr 



a(r) 



+ 6(r) 
< f fc(s,r)$ 

J a 

+ 6(r) / 

J a 



77(r)(l + W(u(r))) 

a(-r) 



exp 



b(9)f(r,e)de f(r,Ov(Odm + W(v(r))) 



fir 



r?(r) 



a(-r) 



exp 



a(-r) 



b(B)f(r,e)d9 }f(r,CMm 



$(l + W(v(T)))dT. 
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Let a < U < (3(b) be a number such that p(t) G Dom(G 1 ) for all t G [a,t* 
Define r(-) on [a, sq], where a < sq < i* is an arbitrary fixed number, by 



r(.s i - / k(s , r;<l> 



r?(r) 



+ 



6(r) ^ Q(T) exp ( | Q(T) 6((9)/(r, /(r, O^R 



*(1 + W(v(r)))dr. 



Then, 



r/(s) 
a(s) 



+ 6(a) exp ^" (S) 0)d0 J f(s, 0v(0^ 

< k(s ,s)<$> 

/a(s) I r-a(s) \ 

expfy b(0)f(s,e)dB]f(s,£)r,(S)dZ 



§(1 + W(v(s))) 



r](s) 

a(s) 



+ ■ 



$(1 + W(r(s))), 



that is, 



r'(s) 



$(1 + W(r(s))) 



< k(s Q ,s)<f> 



r?(s) 

a(s) 



+ 



6(a) exp ( J a(S) b(9)f(s, 0)do\ f(s, O^R 



Integrating both members of the last inequality from a to s, and having in mind 
that G(r(a)) = 0, we get 



G(r(s)) < / k(s ,T)<S> 



+ 



b(r) £ {T) exp ( J a{T) b(9)f(r, 9)de\ f(r, £)r?(£R 



dr. 



The choice of t* permits us to write r(s ) < G 1 (p(s )). Since s is arbitrary, we 
conclude that (the case s = a is trivial) 



(7) 



< G 1 (p(s)), s G [a,U 
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To complete the proof, we observe that for a < s < t* the inequality f3(a(s)) < 
holds. Hence, we can insert inequality ([7]) into inequality □ 

Remark 1. Theorem 12.21 is new even in the particular setting studied in [2] with 
a(t) = f3(t) = t, b(t) = 1, and f(t,s) = g(t,s) = f(s). Indeed, one may choose 
in Theorem 12.21 a submultiplicative function <£(■) that is not subadditive, e.g., 
<£(x) = x 2 for x > 0. This choice of <£(•) is not a possibility in (2j Theorem 2.1]. 

To prove the forthcoming results we follow F. M. Dannan pQ, introducing the 
following class of functions: 

Definition 2.3. A function g(-) E C(I^,I^~) is said to belong to the class H if 

(1) x — > g(x) is nondecreasing for x > and positive for x > 0; 

(2) there exists a continuous function on with g(ax) < ^(a)g(x) for 
a > 0, x > 0. 

Example 2.4. Every continuous and nondecreasing function g(-) on Mq" with 
g(x) > for x > that is submultiplicative, is of class H with = g. 

To the best of our knowledge, the following lemma is not found in the literature. 
Therefore, we give a proof here. 

Lemma 2.5. Suppose that a(-) E C 1 ([a, b],M) is a nondecreasing function with 
a < a(t) < t for all t E [a, b]. Assume that u(-), a(-) G C([a, 6], Kq) a(-) a 
positive and nondecreasing function, and (t,s) — > f(t,s) G C([a,5] x [a, a(b)], Mq~) 
nondecreasing in t for every s fixed. If g{) G H and 

r a(t) 

(8) u(t)<a(t)+ / /(*, aMu(s))ds, 

i/ien i/iere exists a function ^(-) and a number t* G (a, 6] i/ia£ depends on 
sttc/i t/iai 

(9) G(l)+ f{t,s) W' ds £ DomiG- 1 ), te[a,U], 

Ja a \ s ) 

and 

u(t) < a(t)G \G{1) + J /( t>s )-LL^d s j , ts^], 



= / — TT> a; > 0, xo > 0, 
Jxo 9(s) 



and, as usual, G represents the inverse function of G{- 
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Proof. Since a(-) is positive and nondecreasing and <?(•) G id, we obtain from 
that 



a(t) J a a(s) Ja ' a(s) \a{s) 

for some function *!/(•) as in the Definition 12.31 Let us now choose a number 
a < t* < 6 such that ([9]) holds, and define function by 

*(t) = 1 + / /t , a) V, 9 )ds, te [a, t ], 

J a a{s) \a{s)J 

where to £ (a,t*] is an arbitrary fixed number. Then, with x(t) = u(t)/a(t), we 
have 

z'{t) = /(t , g (x(a (t))) a ' (t) 

a(a(tjj 

< / *o,a(t ) a (t)g{z{t)), 

a{a{t)) 

because x(t) < z(t) and z(t) is nondecreasing. Since z(t) is positive, we can divide 
both sides of the last inequality by g(z(t)) and, after integrating both sides on 
[a,t], we get 

G(z(t)) < G(l) + / /(to, a)- 1 

Jo 



a(s) 



-(is . 



Hence, 



z(t ) <G^ (o(l) + J a 



"M. , ,*(a(s)) , 
a(s) 



Since x(to) = u(to)/a(to) < z(to) and to is arbitrary, the result follows for all 
t £ (a, t*]. The case when t = a is obvious. □ 

Theorem 2.6. Let functions u(-), /(•), #(•), VF(-), $(•); 0(O> p(0j anc? 

G(-) 6e as in Theorem \2.2l and a(-) 6e as in Lemma \2.5[ If h(-) € id, 

na; ds 



J X 



. x > 0, x > , 

*o 
and 
(10) 

u(t)<a(t) + f(t,s)h(u(s))ds + g{t,s)Wl k(s, r)$(u(r))dr ) ds . 

J a J a \Ja J 

then there exists a function *&(■) and a number t' # £ (a, [3(b)] depending on \£(- 
such that, for all t £ [a, t*], 

H(l)+ f(t,s)^^dseDom(H- 1 ), 
Ja a{s) 
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and 



where 



u(t) < 



p(t) G Dom(G~ ) , 



Pit) 



a(t)+ / g(t,s)W(G- 1 {p(s)))ds 



lit), 



q(t) = H- 1 \H(1) + £ {t) f(t, s)^ffids\ . 



Proof. Define function z(-) by 



z(t)=a(t)+j g(t,s)W[j k(s,r)$(u(T))dT j ds, te[a,b]. 

Clearly z(-) is a positive and nondecreasing function. Hence, we can apply 
Lemma 12.51 to the inequality 

a(t) 



to obtain 



u(t)<z(t)+ f(t,s)h(u(s))ds, 



u(t) < z{t)H- 1 (n(l)+ £ {t) f(t,s)^^ds^ , t G [a,U], 

for some function and some number G (a, b\. An estimation of z(t) can 
be obtained following the same procedure as in the proof of Theorem 12.21 After 
that, we obtain 

z(t)<a(t)+ g(t,s)W{G~ 1 (p(s)))ds, tE[a,Q, 

J a 

where G(-) and p(-) are defined as in Theorem 12.21 □ 



3. An Application 

Let us consider the following retarded equation: 

/•«(*) / r s \ 

(11) u(t) = k + J F Is, u(s), j K{r,u{T))dT\ ds, te[a,b], 

where k > 0, b > 0, a(-) G C 1 ([a,6],R) is a nondecreasing function with < 
a(t) <*,«(•) G C([0, 6],M), F(-) G C([0, 6]xlxl,l) and K{-) G C([0, 6] x M, M). 
The following theorem gives a bound on the solution of equation (jlip . 
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Theorem 3.7. Assume that functions F(-,-,-) and K(-,-) in ( fill) satisfy 

(12) \K(t,u)\ < k(t)$(\u\) , 

(13) \F(t,u,v)\ < t\u\ + \v\ , 

with k(-) and <&(•) defined as in Theorem \2.2[ If u(-) is a solution of Ul\) . then 

/•«(*) 

\u(t)\ < q(t) + t / exp (t(a(t) — s)) q(s)ds, t E [a, i*], 



for some t* G (a, ct(b)] such that 

p(t) G Dom(G~ 1 ), t€[a,U]. 

Here, 

r a(t) 

q(t)=k+ G-Hp^ds, 
Jo 



p(s) 



a(r) 



/ fe(r)* 


v(t)+t [ 


la 


Jo 



dr. 



t](t) = max {k, a(r)} , tG[0, «(&)], 
u;zf/i G~ 1 (-) representing the inverse function ofG(-). 

Proof. Let u(-) be a solution of equation (fTT|) . In view of (fT2|) and (fl"3"j) , we get 

/•«(*) / r s \ 

|«(t)|<fc+/ (t|u(s)|+ / fc(r)$(|«(r)|)dr da. 



An application of Theorem 12.21 with a(i) = fc, a(t) = (3(t), f(t,s) = t, b(t) 
g(t, s) = 1, and W(u) = u, gives the desired conclusion: 

r a(t) 

\u(t)\ < q{t) +t exp (t(a(t) - s)) q(s)ds. 



□ 
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